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Abstract. In this article we prove a new elliptic hypergeometric integral identity. It previously appeared 
(as a conjecture) in articles by Rains [7], and Spiridonov and Vartanov 1121 . Moreover it gives a different 
proof of an identity in another article by Rains [6]. We also give some basic hypergeometric and classical 
limits of this identity. The classical limit gives identities (some known, some new) between generalizations 
of the Selberg integral. 



1. Introduction 

The subject of elliptic hypergeometric functions is relatively new. It started when Frenkel and Turaev 
[2] obtained the first elliptic hypergeometric series evaluation. Even though the theory of elliptic hypergeo- 
metric functions (series and integrals) has not yet been as well studied as the theory of classical and basic 
hypergeometric functions, steadily more and more is known about these functions. A recent overview of 
these results is given in [llj . 

In this short article we prove a multivariate elliptic hypergeometric integral identity. It first appeared in 
a paper by Eric Rains [6l (8.14)], though in a non-explicit form. In this paper Rains defines certain integral 
and difference operators. He proves that two integral operators commute on a certain space of functions, by 
giving a complete set of eigenfunctions (the biorthogonal functions of that paper) for these integral operators. 
A direct proof of the commutativity requires an elliptic hypergeometric transformation, which is a special 
case of our main theorem, Theorem 13. II 

Our main theorem appeared again as Conjecture 1 in another paper by Rains [TJ. In this case it is obtained 
as an integral analogue of a elliptic hypergeometric series identity (which Rains proves). This series identity 
is a special case of the complementation symmetry for the skew interpolation function defined there. This 
series identity can also be seen as a kind of dual Kaiisson-Minton sum. 

Very recently, the conjecture also appeared in a paper by Spiridonov and Vartanov [12] , In their case 
the equation we prove provides the equality between the superconformal indices of two (conjecturally) dual 
supersymmetric quantum field theories. 

The latter half of this article derives some basic hypergeometric integral identities which can easily be 
obtained as limits from the main theorem. For the limit p — *■ the resulting identities are transformations 
between multivariate g-beta integrals. These integral transformations appear to be new. The integrals 
obtained are similar in flavor to integrals associated to root systems considered by Gustafson (for example 
in [5]). The limit q — > 1 gives certain generalizations of the Selberg integral, which were studied before in 
for example [13] ■ One of the classical limits is a known formula, which generalizes Euler's transformation for 
beta integrals. 

The article is organized as follows. In Section [2] we define the notations and give the key theorems used 
in the proof of the main theorem. In Section [3] we state and prove our main elliptic hypergeometric identity. 
The last two sections cover some basic hypergeometric, respectively classical, limits. 

Acknowledgments. I would like to thank E.M. Rains for our interesting discussions. I also like to thank 
V.P. Spiridonov for his remarks. 

2. PRELIMINARIES 

Throughout the article p and q denote complex numbers of modulus less than one (i.e. \p\, \q\ < 1). 



The (/-shifted factorials and related theta functions are defined as 

oo 

( x ; v) = Yii 1 - x <f), 6( x ; i) = ( x ; i){i/ x ) q). 

r=0 

The infinite product converges as \q\ < 1. We use the usual abbreviations (ai,a2, . . . ,a n ;q) — JXi=i( a ii Q) 
and (az ±:L ;<7) = (az, a/ z; q). 

The elliptic gamma function [8] is defined as the doubly infinite product 

r(*):=r(* ;P , g )= n 7 rs - ■ 

x x 1 — v r q s z 

We will generally only be concerned with the elliptic gamma function, so no confusion should arise with the 
classical Euler gamma function. However in the section on classical limits we do need both gamma functions, 
so in that section we use r e for the elliptic gamma function and T c for the classical gamma function. 

We will use similar abbreviations for the elliptic gamma function as for the g-shifted factorials. The 
elliptic gamma function satisfies the difference equations 

T(pz;p,q) = 9(z;q)T(z;p,q), T(qz;p,q) = 0(z;p)T(z;p,q). 

and the following reflection equation 

(1) T(z)T(pq/z) = 1. 

Observe the following limits to g-shifted factorials 

lim T(z;p,q) = -r-^, lim T(pz;p, q) = (q/z;q). 
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We define the integration kernels 
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and the constants 
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The following theorem is the Elliptic Dixon transformation proven by Rains [BJ. 
Theorem 2.1. Under the balancing condition J} 2 ,"^ 2 "^ 3 i r = (pq) m+1 we have 

r n 2n+2m+3 , 

^ 2—1 r— 

» rn 2n+2m+3 , 

-p BC , n r (W / A« w n n 

0<r<s<2n+2m+3 ° i=l r=0 r 1 

The contours of the integrals are unit circles for parameters \^/pq\ < \t r \ < 1, and otherwise we view it as 
an identity between the analtytic extensions as meromorphic functions in the t r of these functions. 

An important special case is obtained by setting m — 0, in which case the transformation reduces to 
an evaluation (as the right hand side becomes an integral over variables). This case was conjectured by 
Van Diejen and Spiridonov pQ, the latter author also having proved the special case n. = l,m = 0in[9]. 
An independent proof of this case is found in [lOj . A basic hypergeometric analogue was already given by 
Gustafson [3]. The relevant equation is explicitly given by 

/n 2n+3 , 
i=l r=0 1 0<r<s<2n+3 



The elliptic Selberg evaluation and transformation 6 given below are other important elliptic hyperge- 
ometric integral identities. The evaluation was again conjectured (and shown to be a consequence of the 
elliptic Dixon evaluation) in pQ. 

Theorem 2.2. Under the balancing condition £ 2 ( n ~ 1 'tii2*3*4*5*6 = PQ we have 

n 6 j n—1 
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Under the balancing condition i 2 ( n_1 ) J}* =1 i r = (pq) 2 we have 

p BC r(tr J cn (*; *) n n nuzt 1 ) : dZl 
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The contours in these identities are taken as unit circles if \t r \ < 1 (1 < r < 8) and \vt r \ < 1 (1 < r < 4^ 
and \t r /v\ < 1 (5 < r < 8J, and otherwise we regard it as an equation between the analytic extensions of 
these integrals (as meromorphic function of t r , t, p and q). 

3. The main theorem 

In this section we will prove Conjecture 1 from [TJ. This conjecture also appeared in Section 7 of [T2] as 
a special case of the equality of the superconformal indices of two quantum field theories related by Seiberg 
duality. 

Concretely, we will prove the following identity between elliptic Selberg integrals 
Theorem 3.1. Under the balancing conditions 

£0*1*2*3 - t 2+m ~ n , v 2l v 2l +i = y , (0 < * < k), k = m + n 



we have 
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1 r=0 r=0 

where the integration contour is a product of unit circles if \t\ < \t r \ < 1 (0 < r < 3), and \v r \ < 1 
(0 < r < 2k — 1) and we view this as an identity between the analytic extensions of these integrals otherwise. 

Remark that in [6] it was shown that the integrals actually define single-valued meromorphic functions 
for parameters t,t r ,v r G C and p, q G {z € C | \z\ < 1}, subject to the balancing conditions. 

The proof will consist of creating the circle of identities depicted in Figure [TJ Here an edge labeled Tj (x) 
indicates two double integrals equated to each other by an application of the Dixon transformation (Theorem 
I2.1[) in the x variable and Six) denotes an application of the conjectured transformation of Theorem 13. II in 
the x variable. In order to turn this into a proof, we ensure that we use a special case of the theorem with 
one fewer variables in the bottom identity, than in the top identity. By induction we can then prove the 
general case. 

3 



Ti{y)/ \T z (y) 



JjA I (z)A I (y) 



JjA^A^y) 



JJ A^Anit; y}^fj A z (z) A n (t; y) 
Figure 1 . The hexagon of double integral identities 



Proof. We first prove the identity only for \n — m\ < 1. In the coming calculation we hence assume n < m < 
n + 1. By a limiting argument we can subsequently prove the general case. In the following calculations 
we assume all integration contours are taken as unit circles, which allows us to interchange the y and z 
integration at will. At the end we will show there exists an open set of parameters such that this is allowed; 
the general equation then follows by analytic continuation. 

Take parameters as in the statement of the theorem, but write u :— t 3 . Moreover we write b — t m ^/pqt/upq. 
Let 
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By viewing part of the integrand as the result of an elliptic Dixon evaluation (i.e. the case of Theorem 12.1 
with m = 0) we get 
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The balancing condition for the y integral here is 



t tit 2 jpq.n 



which indeed follows from our conditions. Also the number of parameters of the resulting y integral is 
2n + 4 = 2- n + 2- + 4asit should be. The z integral is now also of Dixon type, so we can transform the z 
integral (making sure that the balancing condition is satisfied and the number of parameters is correct) to 



get 
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Now we can use the transformation of the theorem in the y integral. The parameters \ftVi satisfy the 
equation VtV2iVtV2i+i = pq, so by the reflection equation of the elliptic gamma functions these parameters 
vanish. However now we have \J pqjtzij pqjtz^ 1 — pq/t, so these form the new Vi parameters. Thus the 
number of pairs of new u v" parameters equals the number of z parameters equals k—1. Moreover 

Jill— — — = Ut ° tlt2 = t 2+(m-l)-n 

VtVtVt t 

Thus the y-integral is of the form of the theorem with m one lower. Applying the theorem in this case we 
get 
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Next we can again use the Dixon transformation on the 2 integral. We obtain the result 

n—1 n 2 

i = P m _iP ro J] ^(^o^l^ ^l - ^ - 1 ,^o^2^ rl - ^ - 1 ,^l^2^ ,l - ^ - 1 ) J] II 1 ^""') 

i— m i—m-\-lj—0 
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Finally we can use an elliptic Dixon evaluation to evaluate the y integral. We therefore obtain 

n 2 2fc-l 2 

/= n n nuta^)iinu^) ii ]ir(uvi)nuvi)p m T{tr 



>=m+l 0<r<s<2 r=0 i=0 r=0 

. m 2 2fe-l 
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Comparing with the original equation for 7, we see that we have proven the theorem for the pair (n, m), if 
we assume the theorem holds for (n, m — 1). 

In order for us not to have to worry about the constant interchanging of the z and y integrals we chose 
parameters such that the contour becomes a product of unit circles. For this we need the conditions that all 
parameters (in each integral) are less than 1 in size. Thus we get the bounds 

\pq\<\t\<l, \pq\<\v 2 \<l, |t|<|u 2 |<l, \t\ 2 < \t r \ 2 < \t\, \t\<\b\ 2 <\t/pq\. 

We will now show that these bounds can be satisfied, at least when n < m < n + 1. Let us pick p and 
q as we wish, norm less than 1. Moreover choose \t\ > |pg|V 2 ( n + TO ). Then we can choose iv's without 
problem in the range \-Jpq\ < v r < \*Jpq/t\, which ensures their partner is also in this range. (Note that 
\y/pq/t\ < 1, due to our bound on \t\.) If to = n or m = n + 1 we can choose 4 numbers t r (r — 0, 1, 2) 
and w with \t\ < \t r \,\w\ < \Vt\ such that t tit 2 w = t 5 ' 2+m ~ n (because the norm of their product can 
be anything from \t\ 4 to \t\ 2 and the right hand side is either |i| 5 / 2 or |i| 7 / 2 ). Now to, t\, and t 2 are as 
chosen and take u = \fiw to satisfy their balancing condition. Finally we have to take b — t m+1 / 2 /u^/pq 
and see that < \t m+1/2 / ^fpq\ < \b\ < \t m / ^/pq\ < \y/t/pq\ (if m > 1, in the lower bound we use that 
|t| > |pg| 1 / 2 ^" +m ^). In short, the conditions define a non-empty open subset of the space of parameters if 
n < m < n + 1. 

We can now prove the theorem using induction for |m — n\ < 1. Indeed we start with the case n = 1, 
m = and have the two induction steps T(n — 1, n) — > T(n, n) and T(n, n) — > T(n + 1, n) — T(n, n + 1) 
(where T(m,n) denotes the statement that the theorem holds for m and n). In the base case n = 1, m = 
we find that our equation corresponds to the univariate case of the evaluation of Theorem 12.21 Note that 
the case n = m = 1 is an iteration of the univariate transformation of Theorem 12.21 

To prove the theorem for arbitrary n and m we can use the idea (already mentioned in [7]) to take limits 
from the case n = m, which should give an implication T(n, m) — > T(n, m — 1). By induction we would then 
have shown that the theorem holds for all pairs (n, m). 

Taking the limit vq — > t~ 1 ts (while keeping vqVi fixed) of the left hand side of the equation, we see that 
it reduces (using the reflection equation ([1]) for the elliptic gamma function) to 

. n 2 2fe-l , 

Pn v(tr / Aw^innrm^v) n r^ 1 )^' 



that is the same kind of integral with £3 replaced by t~ 1 t^ and k reduced by 1. On the right hand side the 
factor Tfovi) converges to T(pq) — 0, whereas the integral becomes singular. In order to calculate the limit 
we want to do some residue calculus, quite similar to that leading to [TJ Proposition 7.1]. We prefer to first 
break symmetry in the integral, which we can do using the following lemma j6[ Lemma 6.2] 

Lemma 3.2. Suppose we have the balancing condition t n ^ 1 uoUiU2U3 =p then 

„ T-r 6(tZj > Zj J ;p) -A" 0{u Q , Ml Z?' , U2Zj i , UzZ^ j p) 

n—1 n—1 

= IJ d(t l u u 1 ,t l u u 2 ,tfuou 3 ;p) = Y[ 6 , (i l u Mi,t 4 u U2,t 4 uiM2;p)- 

i=0 i=0 

We can now multiply the integrand on the right hand side with this constant factor (with n replaced by 
to). As the original integrand is Zj — > l/zj symmetric, we see that (after we interchange the finite sum with 
the integral) each term in the sum is identical. So we can just take one term and multiply that by 2 m . We 
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can subsequently replace uo by «o (which cancels the poles of the integrand at Zi = p k q '/ u o, k, I > 0), and 
simplify the integrand to get (with the extra balancing condition t m vqUiU 2 Us = q) 



2fe-l 3 



rhs = — 17 TT v(t r t s t n - 1 ) TT f]r(t r v t ) 

n™ o 0(Vv 0Ul ,Pv o u 2 , Pv u 3 ; q) J m L +1 ^ i\ r A = A 



x 2 m p m r(i) m / 

JC" 



Ill<i<j<m F(ptZiZj, tZi/Zj, tZj/Zi, t/ZiZj) 



'C m lll<i<j< 

m 3 2fc-l 



ni<i<i< m TipZiZjtZi/z^Zj/Zi, 1/ZiZj) UT=i T (P z h 1 / Z i) 

dzi 



X 



I I [T r(tt r ^j 11 ) J| r(v r zf 1 )T(pvoz i ,vo/z i )6(u 1 z l ,U2Zi,u 3 z i ;q)- 

l= lr=0 r=l ZlTlZl 



Now let us assume the parameters satisfy \pq\ < \t\ < \t r \ < 1, \v r \ < 1 (for r > 0) and 1 < |«o| < 
l/\t\, l/\p\, In this case we can take the contour to be identical for all Zi and equal to some deformation 

of the unit circle, which remains inside the annulus {z | 1 < \z\ < l/\t\} and which includes the pole at vo, 
while excluding the poles at t r /t and l/v r (r > 0). Note that we can't just take the limit wo — > ts/t, because 
in that case no contour satisfying the stated conditions exists. However we can change the contours of the 
integrals to the unit circle by picking up the residue at v . Once we picked up the residue in one integral, 
for the remaining integrals vo is no longer a pole, so we only need to pick up the residue once. All of the m 
choices of picking up a residue give the same result, so we just get a factor m in front of the integral. The 
result is that 



2fe-l 3 



rhs= — l - — - — -n n nw^) n nnt rVl ) 

n i=0 ^(t , «b«l.f«d«2,* , «d«3;«) i=rn+ i <r<a<3 l= 0r=0 



x 2 m P m T(t) m f — 
Jc™ lll< 



L<z<j<m 
m 3 2fe-l 



Ul <i<j<m rjptZjZj^Zj/Zj, tZj/Zj, t/ZjZj) 

T(pziZj, Zi/zj,Zj/zi, 1/ziZj) n™ i F(pz?, l/zf) 



_ . ( J.. 

x WW. T ^ tt r lz f 1 ) II ^{v r zf 1 )T(pv z l ,v /z i )e{u 1 z u u 2 z u u z z l - 1 q)— — 

i=l r=0 r=l imZi 

n 2k-l 3 

+ nm -i fl ^ — u — 7i — 7 n n r ^ r )iin r ^) 



X 



m2 m P m r(t) r 



ril<i<j<m-l ^{P~t z i z ji tZi/Zj, tZj/Zi, t/ZiZj) 



'C— 1 ril<i<j<m-l T{jtZiZ3,ZilZj,Zj/Zi, l/z iZj ) U i=1 ?(P z i, V*, ? ) 
m-1 3 2fe-l 

x II n r ( tt ' :lz i tl ) II T(v r zf 1 )T(pvoZ i ,Vo/zi)6(u 1 Zi,u 2 Zi,U3Z i \q) 

i—l r— r— 1 

ril<i<m-l r(P^W , tZi/VQ, tVo/Zi, t/ZiVo) 



X 



rii< t <m-i T (P z t v o, Zi/v , v /zi, l/z l v Vl )T{pvl, l/vl) 

3 2fc-l 



x JJr^t- 1 ^ 1 ) \\ T(v r v^ 1 )T{pvl,vo/z i )9(u 1 vo,u 2 v ai u 3 vo;q){p;p)(q;q)^^ : 

r=0 r=l 



where all the contours are now unit circles (even in the first term, where the standard conditions on the 
contour would require the contour to envelop the pole at v ). In the resulting expression we can take the 
limit Vo — > t 3 /t (while writing v\ — pq/tvo) without problems (indeed, it just amounts to plugging this value 
in). The first term (i.e. the term where we did not pick up any residues) vanishes as the prefactor T(vits) 
becomes T(pq) = 0. Before we take the limit in the second term we have to use the reflection equation of 
the elliptic gamma function to write T(t3V\)T(tvo/t3) = 1, so this prefactor does not arise there. We obtain 
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(after cleaning up the resulting expression) 

n 

RHS(v =t 3 /t)= — - — - — - n n nut s r-' 1 ) 

n i=0 VWhu^tn^Vhu&q) l=m+10 < r<s < 3 
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i=\ r =0 r=1 1 



If we symmetrize this expression (using again Lemma I3T2I and the inverse of the method described before to 
desymmetrize) , we get the right hand side of the theorem with to replaced by to — 1, i 3 by t 3 /t and ?;o and 
i>i removed. Thus, given that the theorem holds for (n, to), we have now shown it also for (n, to — 1) (for an 
open set of parameters, so by analytic extension for all parameters). By induction the theorem holds for all 
values of (n, to). □ 

4. Some basic hypergeometric limits 

In this section we give three limits as p — > of the new identity, obtaining basic hypergeometric integral 
identities. 

Let us first define several basic hypergeometric versions of the cross terms An and the constants P: 

5 (g;<?)" p _ (g;g)" 



and 



l<i<j<n ^ i J ,q> i=l 



Ag(t;*)= n I £ v4 i #7?7^ n (!-^-) 

i<i<j< n K^iZ^zzi/z^zzj/z^q) 1 < l < j < n 



l<i<j<n { tz il z iMil*i\<i) 
Corollary 4.1. Under the balancing conditions 

t tiht 3 = t 2+m - n , k <m + n 



P Rr _JL_ [ A in) (t-z)T]f] - Tf far*? 1 ™) dz i 



nTT 1 TT TT (tVr/trj g) 
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1 f a (™) ^. a TT A 1 TT (far^ 1 ;^) d«i 



— | fk III U n, j. 



where the integration contour is a product of unit circles if \t\ < \t r \ < 1, |t| < 1, \v r \ < 1 and we view this 
as an identity between the meromorphic extensions of the functions otherwise. 



Proof. We obtain the case k = m+n by replacing V2i+i by pq/tv2i (as dictated by the conditions) in Theorem 
13. li and taking the limit p — > while keeping V2i and t and t r constant. Note that we may replace the limit 
and the integral (on both sides of the equation) if the contours can be chosen to be unit circles for all small 
values of p (and hence can remain fixed), as the convergence is uniform on a compact set. There exists an 
open set of conditions (\t\ < 1, \t\ < \t r \ < 1 and \v2i\ < 1) for which this is possible. By analytic extension 
the result then holds as an identity between meromorphic functions for all values of the parameters. 

Subsequently we can take the limit Vi — > for some i to obtain the cases with k < m + n. □ 

Another basic hypergeometric corollary can be obtained by taking a symmetry breaking limit. 

Corollary 4.2. Under the balancing conditions 

— =r _n , k = m + n, t n+1 t Q t lU2 u 3 = q, t n+1 s Si_w 2 w z = q 

S Si 

we have the following equation 

Pa*-i f \(n) r . \ tt (qZiSQ,qZiSi]q) (ziV r t, qZi/v r , ; q) -fr al dzi 
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" UT=l^2So,Pw 3SQ ;q) (tot^+^q) 11 11 (t 3 t^-y Sk ;q) 

k— 1 

x TT {qso/v r ,tv r s ,qsi/v r ,v r tsi;q) 



r=0 



(totv r , qt /v ri titv r , qti/v r ;q) 



PA m -i f X(m) f . nTT (qtoZi^hz^q) 



(t;q) m J cm ' f \ (Zi/to,Zi/ti,t8 zf \t Sl zf 1 ;q) 

n 1 (v r tZi,qZi/v r ;q) -fy , dz t 



Q (v r z l7 qzi/tvr] q) ^ 2niZi 



And as a further limit we obtain 
Corollary 4.3. Under the balancing conditions 

Ml = t m ~ n , k<m + n, t n+1 t t lU 2U 3 = q, t n+1 s s 1 W2w 3 = 

SqSi 

the following equation holds 

f X («)/.. nTT 1 TT ( z i v rt] <l) TT at . s 



(*;?)" Jc™ {tt /z h Ui/Zi,Zils ,Zi/sx]q) [v r Zi\q) ^ 



lixizi 



fc-l 



n™i ^250,^3*0;?) ^^/iH {tjt^-*/a k ;q) 1 = 1 {t tv r ,htv r ;q) 



X 



■FU«_i f x(m)/. \ TT 1 TT ( v rt z i'i q) TT at \ dz * 

t. x m / a aii(^ z ) 11 7-77 7 7 / — ; — / — t 11 7 rlpKvi;? 

{t;q) m J c ™ f_\{ z i to,Zi ti,ts Zi,tsi/Zi;q)^- {v rZi ;q) f L 



lltiZ; 



Proof of Corollaries and \4-3\ In order to break the symmetry we use the same argument as in the proof 
of Theorem 13.11 when we wanted to take the limit which reduced m. Now however we specialize the 
parameters in Lemma 13.21 as uq = to and u\ = t\ (while we still choose 1*2 and u 3 arbitrarily). Moreover we 
break symmetry on both sides of the equation (but on the right hand side we take the parameters u from 
Lemma 13.21 to be tjt%, t/t 3 , W2 and w 3 ), instead of just on one side. 

After simplifying the expression using the difference equation of the elliptic gamma function we obtain 
that under the balancing conditions 

totit 2 t 3 = t 2+m - n , v 2l v2i+i = pqt~ n ', k = m + n, t" _1 t tiu 2 u3 = q, t n+1 w 2 w 3 = qt 2 t 3 
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with ni E Z>o we have 

Y^(j)tZ{Zj , tZij Zj 5 tZj I Zi- 1 1 Zj^Zj^j 



PA n -intr I n 



I , ■ ,, ^(pZiZj , Zi/ Zj, Zj / Zi,l/ ZiZj) 

nr^g^i,^,^;?) A tt r(w -i ) 2 jT 1 Ar(^) 

nr=o ^(* i+ v^3 J ^^2A 2 ,^% 3 /t 2 ; g ) i i m i +10<r i < i s< 3 'iiii 



xPA^ntr [ n 



r (j?£,Zj ,tZi/Zj,tZj/Zj,t/ZiZj) 
I , , <m ^(pZiZj, Zi/Zj, Zj/Zi, 1/ZiZj) 



X 



tt r(t/toz t ±1 ,t/tizf 1 ,ptz i /t2,t/t2Z t ,ptzj/t3,t/t 3 z i )n^o 1 r(^ r z i ±1 )6>(w 2 ^, w 3 z l \q) dzj 



where the integration contours are unit circles if |t| < |t r | < 1 and |u r | < 1 and for other parameters we view 
it as an equation between meromorphic functions. 

Now we replace (t ,ti,t 2 ,t 3 ) by {p~ 1 / 2 t ,p~ l / 2 ti 1 p 1 / 2 t 2 ,p 1 / 2 t 3 ) 1 and v r by p x l 2 v T . Moreover we set 
u 2/3 — P 1 ^ u 2/3 an d w 2 /3 = p 1 ^ 2 w 2 / 3 . Finally we shift the integration parameters Zi to p~ 1 / 2 z.i (and move 
the integration contours back). Then we obtain under the balancing conditions 

totit 2 t 3 = t 2 +" l -" ; v 2l v 2i+ i = -, k = m + n, t n_1 totiu 2 M 3 = q, t n+1 w 2 w 3 = qt 2 t 3 

with rii € Z>o the equation 

r (tZ^Zj , tz^j Zj, tZj / Zi : pt I Z^Zj^j 



I ;< j< n F(ziZj,Zi/zj,Zj/zi,p/ziZj) 
-A- T(tozf 1 ,t 1 Z* 1 ,t 2 Zi,pt2/Zi,t3Zi,pt 3 /Zi) rir^Q 1 ^ '(^r^i, P^r / Zj)Q{u 2 Z u U 3 Zj] q) dZj 



n^o'^+Vp^^+W^+W^g) >„ A +1 r=0s=2 

2fe-l 

X 



nw+ + + + \d r[*\m A TT T(tZiZj,tZi /Zj,tZj /Zi,pt ZiZj) 

T{toVi,t 1 Vi,pt 2 v il pt 3 v 2 )PA m _ 1 T(t) / || 

m 

n 



, n "'I , ;< m ^( z i z j> z i/ z j i z j / z iiP/ z i z j) 

T(pt/t Zj, tZj/t ,pt/tiZi, tZj/ti, tzf 1 /t 2 , tzf 1 /t 3 ) rir^Q 1 T(v r Zi,pV r /Zi)6(w2Zi, W 3 Zij g) 

where the integration contours are again unit circles if \t\ < \t r \ < 1 and |u r | < 1. For other parameters we still 
view this as an equation between meromorphic functions. Using the balancing condition totit 2 t 3 = t 2+m ~ n 
and the difference equation of the elliptic gamma function we see that 

n^o 1 «(* i *o*i/p;9)m=m + ir(*oti*"-Vp)_ -q r(totltn -i } 



i—m+l 



After this replacement we see that all ^-function in the expression are p-independent and the elliptic gamma 
functions are either of the form T(y) or T(py) 1 so we can simply plug in p = to obtain a basic hypergeometric 
limit. Simplifying this limit (and in particular replacing all «2r+i by q/t Ur v 2r ) gives us the equation from 
Corollary 

If in the equation of Corollary 14.21 we replace t r — > at r , s r — > as r , v r — > v r /a, u r — > u r /a, w r — > w r /a and 
Zi — > azi and shift the integration contour back to a product of unit circles, we can take the limit as a — > 
(in fact, we can just set a = 0) to obtain the integral identity from Corollary 14.31 for k = m + n. Like in 
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the proof of Corollary 14.11 we can obtain the cases with k < m + n by subsequently setting an appropriate 
number of v^s equal to 0. □ 



5. Classical limit 

In this section we will take classical limit of Theorem 13.11 That is, we take the limit as q — > 1 for 
appropriate choices of the parameters, to end up with a Selberg like multivariate beta integral. 

The resulting classical integrals were studied before in [1] and [T3]- It is shown there that the integrals 
have series expressions which are a generalization of Gauss' hypergeometric function 2-Fi- In particular the 
first of the two identities in Corollary 15.11 appears in [T3] as a generalization of Euler's transformations for a 
2-F1. The second identity appears to be new. 

We need \m — n\ < 1 in order to be able to take the desired limit in the proof. Thus we only have the 
two cases with m = n and m + 1 = n, which are explicitly given in the corollary below. While we can take 
a formal limit if \m — n\ > 1, the resulting integrals do not converge, so we do not see an obvious extension 
of these results to a transformation between two integrals with completely unrelated numbers of integration 
variables. 

In this section we write T e for the elliptic gamma function, and r c for the classical gamma function. 

Corollary 5.1. Let ciq < a\ be real and suppose b r G R\[ao,ai]. Let < 5R(ao), 3?(ai) and r = (ao + ai)/2 
We have 



1 2n— 1 r n 

n n & r ^ / n i^-^-rn 

r=0 i=0 J[a ,ai] n i<j<fc<„ j=i 

/ ii K-«rn l *-ff::' k ' 

J[a ,oiJ" i<j <fc < n i-l llr=0 l Xl 



Under the same conditions as before, but now with balancing condition t = ckq + ct±, we obtain 



I n i.-irn 1 ^ 0100 " 11 ^ 11 " 1 " 1 

t°o«°i] n l<j<fe<n t=l 1 lr -i» •' ' 

r-1 



J~J^ — n I Xi b r 



dXj 



r c (a , ai) |qq - ai| 

r -( r ) Hta 2 \ao-bi\ a '\ai-k 
1 



n \ xi ~ x j\ 2t n m 



3fi - a 



2r-a a -l 



x l - ai 



|2t— ai— 1 



Proof. We first prove both identities for < ao < ai both real, < 5R(ao), 5R(«i) and & r G R<o (and the 
appropriate balancing condition involving ao, ct\ and r). The more general parameter conditions stated 
in the theorem can then be obtained by applying an appropriate linear fractional transformation to the 
integration variables. 

We change the parameters in Theorem 13.11 to to = g" ao, ti = q a ° /a , t 2 = g™ 1 ai, t 3 = g a i ja\ 
and t — q T (so the balancing condition becomes ao + a.\ = (2 + m — n)r, where a r = a+ + a~), and 
w 2r = \/pqq /b r , V2r+i = \/pqq~ l3r b r , so /3+ + P^ 1 = r. Here we take ao, ai and 6 r on the unit circle, 
with < arg(ao) < arg(ai) < n and we impose the conditions < 5i(ao ), $t(af) < 3?(r). Finally we set 
q = eKp(2irivw) for some u> in the upper half plane (so \q\ < 1) and v > real. Then using [3 Theorem 7.4] 

ii 



we obtain for the left hand side (LHS) of Theorem 13.11 that 
lim ff -. — '—. tLHS 

fj^ r c ((j + 1)t,jt + a ,jr + ai) n! 



n w^»r n l>(a €^"^ r '"' 



Similarly we see for the right hand side (RHS) we see that 

" J ™ + nr= m+ i n <,< s < 3 w^j nE 1 nt= r e (« /i r^+m^^r^+w.)^ 



- \atn „±l.„M»n-m(n+i)T TT r c ((ro + n - j)r, r) (27r(p;p) 2 ) r 

( ° 1 T c ((j + l)r, (j + 2)r - ao, (i + 2)r - a x ) ml 

Now note the two equations (to prove the second equation we use the balancing condition tot^ts = 

11- r e (^+i) = II r e (t?+i) 

j—0 v y j— v ' 

n — 1 n m— 1 

n n r e(* j *r* s ) = n n ^^%^) n w+v*^)- 

0<r<s<3 j=0 0<r<s<3i=m+l i=0 

The difference between the two rescaling coefficients is thus given by Yli r F e (t r Vi). The limit of this term 
can be determined using [SJ Theorem 2.13]. Indeed we have 

3 2fc-l 1 fe-1 

j™ + n n r&vi) = n n w^v^r^ 

U_ * r=0 i=0 r=0 i=0 

Combining the limits we obtain the equation 

*/ , n ^n^M^K*-^ 

•/[ Oo ,ai]» !<,-<*<„ i= i IIr=0 1% ' 



lflf„ „±i.^l'»-™(«+iK TT r c ((m + n- j)r,r) (27r(p;p) 2 ) m 

1(01 ii r c ((j + l)r, (j + 2)r - ao, (j + 2)t - ai) ml 



j [°o.»J ra l< 3 <Km i=l IIr=0 1% ' k Z i ! W I 

12 



Using the coordinate transformation Xi — 4>{zi) = — ^l^t^y as in the discussion after [5J Theorem 7.2] we 
obtain the identity 

1 fe-i 



\4>(ao) - <f>( ai )\( n - m ^) Yl [] Men) - cp{^b r )\ T - a > 

r=0 i=0 

r c ((m + n- j)r, r) 



r=0 i=0 

n-1 

X 



n 



m — 1 



1/ n |S X prfT l^-^o)!" - 1 ^-^!)! 01 - 1 ^ 

r c ((m + n- j)r,r) 



|2t— ai— 1 



Simplifying this expression (and renaming the 4>(a r ) and </>(p 1//2 6 r )'s) gives the desired expressions. Note that 
<f>(z) > if z = e w for < 9 < n, while ^^z) < if |z| = 1, which gives the parameter conditions. □ 
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